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Abstract We discuss the occurrence of oscillatory solutions which decay to 
as s — > +00 for a class of perturbed second order ordinary differential equa- 
tions. As opposed to other results in the recent literature, the perturbation 
is as small as desired in terms of its improper integrals and it is indepen- 
dent of the coefficients of the non-oscillatory unperturbed equation. This 
class of equations reveals thus a new pathology in the theory of perturbed 
oscillations. 
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1 Introduction 

We are concerned in this note with a class of perturbed differential equations 
of second order 

h" +p{s,h,ti) = q{s), s>s >0, (1) 

and the occurrence of oscillatory solutions to (JI]) which decay to as s — > +00 
when the perturbation q oscillates. 

Though the oscillation literature is vast, most of the investigations are 
generalizations of the perspective given by the fundamental papers due to A. 
Kartsatos [31 0] , that is, if the unperturbed equation 

h" + p(s, h, ti) = 0, s > s , (2) 
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is oscillatory and the function Q, where Q" = q, is itself oscillatory and 
decaying to when s — > +00 then the perturbed equation ([Tj) is oscillatory 
For recent advancements in this respect, the reader can consult [8]. 

The case where the equation (J2J) is non-oscillatory is much more compli- 
cated, however, when the function Q is strongly oscillatory in some sense, see 
e.g. [5], the perturbed equation ([TJ will possess both oscillatory solutions, 
vanishing at infinity, and non-oscillatory solutions. In terms of the improper 
integrals used for transforming the differential equations into integral equa- 
tions and in the averaging process of the former ones, this strong oscillation 
of Q means that the integrals involved have extra large sizes in comparison 
with the similar integrals of the coefficients of the unperturbed equation (j2J). 

The following problem is, to the best of our knowledge, still open: which 
are (if any) the conditions to be imposed on an oscillatory perturbation q 
that will produce oscillatory, vanishing at infinity, solutions to the equation 
(PQ) whose unperturbed part (|2J) is not only non-oscillatory but its coefficients 
are also independent of q ? 

In this note, we present a class of second-order differential equations which 
are non-oscillatory but will produce such oscillatory solutions when perturbed 
by a small, oscillatory perturbation whose size is independent of the sizes of 
the coefficients of the equations. 



2 Induced oscillations to equation (pp) 

Consider the following perturbed equation 

ti'+p(s)(ti-^+^ = 0, s>s >0, (3) 

where the coefficients p, q : [sq, +00) — >■ R are continuous and such that 

p{s)>0, s>s , p,q e L 1 ((s ,+oo),M). (4) 

The equation has been employed recently in studying a class of reaction- 
diffusion equations by means of the comparison method, see [2] and its refer- 
ences. It is also connected with the Lie theory of integration, see [ZJ Example 
2.62, p. 149]. 

According to the classical asymptotic integration theory [TJ, the condi- 
tions (jlj) imply that, given c 7^ 0, both the equation fl3]) and its unperturbed 
part have solutions which behave asymptotically as 



h(s) = c ■ s + o(s) when s — > +00, 



(5) 
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so, obviously, they are non-oscillatory. 

In the next sections additional restrictions will be imposed on q that are 
independent of p and will produce an oscillatory solution to the equation (jSJ) 
which vanishes at infinity. 

It is useful to remark that the only place with respect to the integration 
formula (J5J) where oscillations can "hide" is given by c = 0. The hypotheses 
PJ, however, yield also the existence of non-oscillatory solutions to (jSJ) that 
obey the description fl5]) for c = 0. See in this respect [6, Proposition 1]. 

3 Oscillation lemmas 

Consider the following ordinary differential equation 

dz 

— + p{s)z + q{s) = 0, s>s >0, (6) 
ds 

where the coefficients p, q : [sq, +oo) — > R are continuous and 

p(s) > 0, S > Sq. 

Lemma 1 Assume that p,q G L 1 ((s , +oo), R) and there exists the un- 
bounded from above, increasing sequence (a m ) m >i of numbers from [s , +oo) 
such that 

q{s) < 0, s G (a 2m ,a 2m +i), q(s) > 0, s G (a 2m+ i, a 2TO+2 ), 

and 

ra,2m+i ra,2m+2 

/ \q(s)\ds>3 q(s)ds, (7) 

«2m «2m+l 



and 



™+2 Z'+OO 

g(s)ds > 2 / |g(s)|ds. 

+ 1 «2m+2 



Then, the equation /ias an oscillatory solution z such that lim z(s) 
and 

z(a 2m ) < 0, z{a 2m +i) > 
/or all the m 's great enough. 
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Proof. The function z : [sq, +oo) — > R given by the formula 
z(s) = exp ^- £ p(T)dr^j ■ q(r) exp ^ p(0 d ^ dr ^ 

where s > s , is a solution of equation flSJ). 
Take m > 1 great enough to verify 

g r+oc 

In - > / p(s)ds, m>rriQ. 

J 0-2m 

In particular, we have the estimates 

/ p(s)ds J 

which implies that 

(/•0,2m \ / ra,2m+2 \ 

/ p{s)ds J > 2 exp I / p(s)ds J , 

and respectively 

/ p(s)ds 

J CL2m + l J 

which implies that 

(pa.2m + l \ / /- + 00 \ 

/ p{s)ds \ > exp I / p(s)ds ] . 

Now, by means of ([7]), ffTTT) . we deduce that 

/■«2m+l / /"S \ 

/ |g(s)|exp( / p(r)dr J ds 



r a 2m+l / fCL2m 

> / |g(s)|ds • exp I / p(r)dr 

Ja 2m \Jso 

pO-2m+2 / ^O^m \ 

> 3 / q(s)ds ■ exp I / p(r)dT J 

(/"02m + 2 \ pa-2m + 2 

I p(r)dT J ■ / q(s)ds 

J SQ J J <12m + l 

ra,2m+2 / f S \ 

> 2 / g(s) exp I / p(r)dr J g?s 

12m + l \J SQ / 
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/ g(s) exp I / p(r)dr J c?s 

^12771 + 1 \J SO / 

ra.2m+2 / ratim+i 

> / q(s)ds ■ exp I / p(r)dr 

J I2m + 1 \J So 

r+oo / />a 2m +i 

>2 / |g(s)|ds • exp I / p(r)dr 

J 0,2m+2 \J SO 

(I- + 00 \ /-+0O 

^SO / Jci2m + 2 



> 



So / *> d2m+2 

/•+OO / /" s \ 

/ |g(s)|expl / p(r)dr J ds. 

J Q-2m+2 \J So J 



Finally, 



(ra 2 m \ /-+00 / y»T \ 

/ p(r)drj = / g(r)exp( / p(f)df Jdr 
J SO J J «2m V"' So / 

/ + / + / )g(r)exp / p(0de)dr 

'l2m J CL2m + \ J «2m+2 / W^O / 

<(-/ lff(r)|+/ g(r)+/ |g(r) 



02m • / <l2m+l ^ 12m+2 



X 

< 
< 

and respectively 



exp Qf p(O^J rfr 

ra 2m +2 \ / /-r \ 

|g(r)|+2 / g(r) exp / p(Z)d£ ) dr 



SO 
d2m+l 



(/•a2m + l \ /- + 0O 

/ p(r)dr J = / g(r) exp ( / p(£)d£ ) dr 
J SO / J Cl2m + 1 \J SO 

ra-2m+2 r+oo 

+ , 

I2m+1 J CL2m+2/ \ >/ «0 

ca2m + 2 

> ( / ?(r) 

'«2m+l 



g(r) exp Qf p(£)*; J dr 

| g (r)f)exp( p(£)dt) dr 

•Ja 2 m + 2 / V^SQ / 



> 0. 

The proof is complete. □ 
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ra,2m+i q2 r+oo 

/ (s - a 2m )\q(s)\ds > 6 ■ 2m+1 / \q(s)\ds (13) 

J ao.m a 2m J uo„ i i 



Lemma 2 Assume that the hypotheses of LemmaU\hold. Suppose also that 

•>CL2m+l n 2 r+oo 

n+1 I 

2m Ja2m+l 

and that 

ra.2m+2 n 2 r+oo 

/ (s-a 2m+1 )q(s)ds>4-^m \q(s)\ds (14) 

J a-2m+l a 2m+l Ja2m+2 

for all the m 's great enough. 

Then, the function h : [sq, +oo) — > R with the formula 

r+°° z (r) 

h(s) = -s -^dr, s > s , (15) 

J s 7~ 

where z is the oscillatory solution is itself oscillatory, that is 

h(a 2m ) > 0, h(a 2m+1 ) < 

for all the m 's great enough. 

Proof. Recall the definition (fTUj) of tuq. 
Step 1. We shall establish that /i(a 2m ) > 0. 
As before, 

«2m S \J a2m J a2m + l J B2m+2 / S 

Notice that the third term of the decomposition can be estimated by 

+oo 



S 2 

Q2m+2 



as 



<I2m + 2 S 



/■+oo / ;-+oo \ ;>+oo 

< / — exp ( / p(r)dr) / |g(r)|drds 

J &2m + 2 S \J S J JS 

r+oo ^ s / r+oo \ /-+00 

< / — -expf/ p(r)dr\ ■ \q(r)\dr 

J CL2m+2 \J Q2m + 2 / ^ <12m+2 



rOO 



«2m+2 Ja 2m+2 ^m+l 



«2m+2 



where m > mo- 
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The first term of the decomposition ffTBT) can be decomposed further into 



Q2m+1 



z(s) 



ds 



«2r, 



»2ra+l I 



exp ( — / p(r)dr 



x 



I2m + 1 



+ 



/ ) exp ( I p{g)d£ \ drds. 

Ja2m+\/ \J SO / 



The second part of this decomposition is estimated by 



0.2m+l 

72 ex P 



2 n 



(I 



S \ /" + 00 

p(r)dr J / g(r) exp ( / ) drds 

«2m+i ^ s / /•+00 \ r+ca 

< I — -expf / p(r)dr) • / |?(r)|dr 

"2... S V' / J CL2m+l 

00 o r+oo 



<^ f°° |g(r)|rfr<— / | g (r)|dr, 



02n 



«2m+l 



«2r 



where m > m , while the first part is a negative quantity. 
The second term of the decomposition ([IB]) is estimated by 



ra 2 m + 2 z (g\ 


/•a. 2m +2 




s y 


/ s 2 

« / 12m + l 


^ 0!2m + l 



— ■ exp 



p(r)d 



T 



< 



3/2 



+00 



|g(T)|dr < 



&2m+l 



where m > m . 

Collecting all the estimates, we deduce that 

• + °° Z{8) 



a.2m+l 

\q(r)\dr, 



\q{r)\dr 



0.2m+l 



-ds 



0.2m + l 



< I — exp ( - / p(r)dr 

• a 2 m S \ J s 

4 I + ] / \q(r)\dr+ 



^2m «2m+l/ J a 2m +l 

< — ex p ( - / p( r ) rfr 

6 /"+ 00 
+ / W)\dr. 

Finally, notice that 



<iiT)vx\)[ l p(^)d^ ) drds 
\q(r)\dr 



a 2m+l Ja 2m+ 2 

0,2m + l 



g(r)exp^y p(^)d^j drds 



™2m + l 



' Q2n 



— exp ( - / p(r)dr 



g(r) exp ( ^ ) ^rcfe 
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/•02m+l \ / f S \ f a 2m+l / PT \ 

= / — expf-/ p(r)drj / |g(r)|expf / p(£)dn drds 

J 02 m ' S \ J SO / Js \J SO / 

ra.2m+l I / f S \ f a 2m+l f f s \ 

/ — expf- / p(r)dr) / \q(r)\drexpi p(Z)d£)ds 
/ 3 / l?(r)|drds 



> 



> 



"2 



a 2m+ i ^ 

(is 



so 

«2m+l 



|g(r)|drds 



a2m ^<12ra 
C«2ra+1 



l?(r)|dr 



«2m+l 



g(s) 



a 2 m 



«2m 

\q{s)\ds 

s a 2m 



f«2m + l 



> 



> 



> 



7 

a>2m+l a 2m J a 2 

i 6^+1/ | g 

6 



s - a 2m )|?(s)|ds 



si Ids = 6 



*2m+l 



a; 



+oo 



|g(s)|ds 



2m J a,2m+l 



r+oo 

J '«< 



s)|ds. 



fl 2m ^a 2m+ i 

In conclusion, since g is negative valued in (a2 m ,a2 m +i), we get that 
f + °° z(s) 



-(is 



< 



+ 



- —expf- / p(r)rfrj / |g(r)|expf / p(f)df J cZtcZs 

</a 2m ' S V J s / J s \J so J 



1 «2 

6 r+ °° 



/•-too 
/ W)\dT 



a 2m </a 2m+ i 

< 0. 

The first step is complete. 
S'tep 2. We shall establish that h(a 2 m+i) < 0- 
First, 

/" + °° / r a 2m+2 r+oo \ 

/ l^ s= (/ + / 

Ja,2m+l \J 0,2m+l J 02m+2 / 

The second term of the decomposition is estimated by 



(17) 



r+oo 

J <J 2 m.+ 2 



ds 



l2m+2 

/• + °° ds 

>^a2m+2 



/» + 00 \ 

/ pC^dr) 

J 0.2m+2 / 



|g(s)|ds 



<»2m + 2 
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< 



&2m+2 



\q(s)\ds, 



«2m+2 



where m > m . 

The first term of the decomposition 0171) is decomposed further into 



/ 

J to 



a 2m+ 2 



ds 



«2m+2 



2 ^ , — exp 

s L„ , , s 



to2m+l J 0,2m+l 

«2ra+2 r+°° 

x [ / + i 

«2m+2 



p(r)dr 



q{r) exp QT p(f ^rds. 



The second part of this decomposition is estimated by 



— exp I - / p(r)dT 



< 



0-2m+l \ 

72 " eX P 



so 



"2m+2 



g(r)exp^y p(t;)dt^j drds 



< 



«2m + l 

2 r+oo 



p(r)dr 



a 2m+l Ja 2m +2 



I2m+1 

|g(s)|ds, 



+oo 



|g(s)|ds 



l2m + 2 



g(r) exp I / rfrrfs 



g(r)cirexp / p(Odf 



where m > m . 

Finally, notice that 

i2m+2 \ / r s \ r a2m + 2 
— exp ( - / p(r)dr 

U2m + 1 S V J SO 

ra,2m+2 \ / f S \ f a 2m,+2 

> — exp ( - / p(r)dT 

J Cl2m + 1 S V J SO 

ra2m+2 J ra,2m+2 

> — q(r)drds 

Ja 2m+ i S Js 

ra-2m + 2 1 

> / (s - a 2 m+i)g(s)<is 

Ja 2m +i «2m+20-2m+l 
/>+oo ^ /-+oo 

>4 ^n+2/ |g( s )|d s > / |g( S )|ds. 

fl 2m+l Ja 2m +2 a 2m+l J a 2m+2 

In conclusion, since g is positive valued in (a 2m +i, a 2m +2), we get that 

" + 0O 



Z(S 



ds 



' a 2 m+l 

> / ^exp 



p(r)dr 



so 



Q2m + 2 



g(r) exp ( ^ p(£)d£ j drds 



Induced oscillations to ODE's 



10 



\q{s)\ds 

a 2m+l Ja 2m+ 2 
> 0. 

The second step is complete. □ 
Observe that 

d fh(s)\ _ z(s) 

ds \ s ) s 2 ' — 

Concluding this section, the function h given by 

is an oscillatory solution of the equation Q. Since, according to Lemma [TJ 
lim z(s) = 0, an application of the L'Hopital rule yields 

s— >+oo 

f + °° z(t) 

lim h(s) = lim s / — ^-dr = 0. 

J s 

4 Example 

We start with an auxiliary result. 

Lemma 3 Set C > 0. There exists e G (0, 1) small enough such that 

£ m 2 +°° 



C- — > V ke k \ m > 1. 



fc=m+l 



Proof. The inequality can be recast as 

„ +oo 

— > V(m + p ) e ^+P?-m * m > 1. (19) 

Notice that (m + p) 2 — m 2 = p 2 + 2mp > 2m + p for all m, p > 1. 
Since e G (0, 1), we deduce that 

+oo +oo 

^(m + p)e (m+p)2 - m2 < e m ■ ej^im + p)e m+p - 1 
p=i p=i 



e 



q=l v ' 
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where m > 1. 

Notice that the function x i— > xe x is decreasing in [1, +oo) when 

In I - ] > I 



In particular, this holds for e G (0, |) . 

By replacing the inequalities (|T8|) . ( 1T9|) with the sharper one below 



c>£ '(T^ £m£m '(T^F' (20 » 

we are able to estimate the size of e from the restrictions 
l-2e>(i-l)^, ee (o,i 

Observe that the left-hand part of the inequality is greater than e. 
So, if C > 1 then the inequality ( 120]) holds everywhere in (0, |) . If 
C G (0, 1) then, by replacing fl20|) with the stronger inequality 

; I - 1 ) 2 



we conclude that the inequality ( 12"U|) holds for every e G (0, e ), where 

1 C 

Eq = mm 



and so does (TT8l) . 

The proof is complete. □ 

Set now e G (0, |) . Further restrictions will be imposed on e in the course 
of our construction. 

Introduce the sequences (a m ) m >i, (c m (a)) m >i, (d m ({3)) m >i via the formu- 
las 

2 C 

a m = m7r, c m (a) = a ■ e m , d m ((3) = (3 , m > 1, 

m 

for some a, /3 > 0. 

Further, define the function /3) : [s , +oo) — > R of class C 1 such that 

( ^ )(s) = ( -Ua) sin 2 8 , s e [a 2m , a 2m+1 ] 
1 d TO (/3)sm s, s G [a 2 m+i,a 2 m+2j, 
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for all m> rrix = max{l, 
Observe that 

/ (s-a 2m )\q(ot,/3)(s)\ds= / |g(a,/3)(r)|tZrds 

•'«2m J 0,1m Js 

/ / Q2m+1 

«2m V ^ 



, s sin 2s , 
'■,;,(<>) / I = 1 — I as 



, 2 cos 2a 2m +i - cos 2a 2r , 

v 02m+l — 02mJ ~ 



_ c m (a) 
4 

= — (a 2m +i - a 2m ) = — -c m (a;) (22) 
and respectively 

I (s - a 2m +i)q(a, /3)(s)ds = — ■ d m ((3), (23) 



where m>m\. 

We have also the next estimates 



/•+oo 

/ s\q(a,/3)(s)\ds 

J <l2m+l 

= E / +/ M?(«,/3)(*)l<fa 

/ ra-2k+2 /•a 2fc+ 3 

- S ( / a 2k+2d k (f3)ds + / a 2fe+3 c fc+1 (a)ds 

fc=m \^ a 2fc+l >W+2 , 

+oo 

= vr 2 ^ [(2A; + 2)4(/3) + (2A; + 3)c fc+ i(a)] 

k=m 

{+oo 
(2m + 2)d m ((3) + Yl [(M + 2)d k (P) + (2k + l)c k (a) 
k=m+l 

Assume that a > 3(3. Remark the obvious relations 



So, 



a 

c k (a) = k--d k (f3)>3d k (f3), k>l. 



s\q(a, (3)(s)\ds 

Cl2m + 1 
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A^c m (a) + Y] (3k + 3)c k (a) 



fc=m+l 
-oo 



4-c fc (a) + (2A; + l)c fc (a) 







fc=m+l 
-oo 



<tt 2 4^c m (a) + 6 kck ^ a ) 

\ fc=m+l 

Let us diminish the ratio - by asking that 

a > 192/3. 

Thus, the next inequality 



' k=m+l 



follows from Lemma |3] provided that e < e$ = sq(C) = eo(a,(3). 
The meaning of this inequality is given by the estimates 



[s - a 2m )\q(o!,(3)(s)\ds 



«2m 

Tl 2 



12m + l rCL2 



"2n 



\q(a, (3)(r)\drds 



■ Cm a 



> 12tt 2 I 4^c m (a) +6 ^ fcc fc (a) 



k=m+l 



> 12 / s|g(a,/3)(s)|ds > 6 



«2m+l 



a 2r 



s|g(a, /3)(s)|ds 



m </a 2m +i 



> 6 ■ 



a 



2m+l 
«2m 



|<?(a,/3)(s)|rfs, 



«2m+l 



that is, our example satisfies the restriction (|T3|) . 

The size of £ will be reduced again. In fact, consider the inequality 



1 (3 c m (a) 



192 a m 



> kck(a), m > 1. 



fc=m+l 



The magnitude of e follows now from Lemma [31 
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The meaning of the inequality is given by the estimates 

(s - a 2 m+i)<?(a, P)(s)ds = — ■ d m ((3) 
+00 

> 48tt 2 kc k{u) 



i 

■I a- 



k=m+l 
r+00 

> 8 / s\q(a, (3)(s)\ds 



0,2m + 2 

OO 



02m+l Ja 2m +2 



>A .<n±l I \ q ( a ,P)(s)\ds, 



&2m+l 



so, our example satisfies the restriction (02 

Recalling the computations fl22|) . f )23|) . we remark that 



«2>; 



g(a,/3)(s)|ds = - • c m (a) 



"H2m + 1 

- a 2m )\q{a, /3)(s)\ds 

/■+00 

> - ■ 12 / s|g(a!,/3)0)|(2s 

" B2m+1 
/•+OO 

> 6 / s|g(a, /3)(s)|ds 

^ 12m+l 

> 3 / q{a, j3){s)ds, 

J «2m+l 



which is the same as ([7]). 
Further, we have 



1 

<J2m + 2 
I2m+1 



7T 

q(a, P)(s)ds = --d m (P) 



a-2m + 2 

(s - a 2m+1 )q(a, p)(s)ds 

02m + l 

2 r+00 

> - ■ 8 / /3)(s)|ds 

« / a2m+2 
/■+00 

> 4 / s|g(ot, /3)(s)|ds 

^ a2m+2 
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r+oo 

> 2 / \q(a,f3)(s)\ds, 

which is the same as flS}. 
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